Abstract. Recently, P. Pragacz described the ordinary Hall-Littlewood P -polynomials by means of push-forwards (Gysin maps) from flag bundles in the ordinary cohomology theory. Together with L. Darondeau, he also gave push-forward formulas (Gysin formulas) for all flag bundles of types A, B, C and D in the ordinary cohomolgy theory. In this paper, we introduce a generalization of the ordinary HallLittlweood P -and Q-polynomials, and characterize them in terms of Gysin maps from flag bundles in the complex cobordism theory. We also generalize the (type A) push-forward formula due to Darondeau-Pragacz to the complex cobordism theory. As an application of our Gysin formulas in complex cobordism, we give generating functions for these "universal" Hall-Littlewood P -and Q-functions.
Introduction
Let x n = (x 1 , . . . , x n ) and t be independent indeteminates over Z, and λ = (λ 1 , . . . , λ n ) a partition of length ≤ n. Then the ordinary Hall-Littlewood P -and Q-polynomials, denoted by P λ (x n ; t) and Q λ (x n ; t) respectively, are symmetric polynomials with coefficients in Z[t] (for the definition and basic properties of the Hall-Littlewood polynomials, see Macdonald's book [24, Chapter III, §2]). When t = 0, both the polynomials P λ (x n ; t) and Q λ (x n ; t) reduce to the ordinary Schur (S-) polynomial s λ (x n ), and when t = −1, to the ordinary Schur P -polynomial P λ (x n ) and Q-polynomial Q λ (x n ) respectively. Thus the polynomials P λ (x n ; t), Q λ (x n ; t) serve to interpolate between the Schur polynomials and the Schur P -and Q-polynomials, and play a crucial role in the symmetric function theory, representation theory, and combinatorics. Geometrically, it is well-known that the ordinary Schur S-, P -, and Q-polynomials appear as the Schubert classes in the ordinary cohomology rings (with integer coefficients) of the various Grassmannians (for details, see Fulton [6, §9.4] , Pragacz [30, §6] ). Although the Hall-Littlewood polynomials have no such geometric meaning at present, they deserve to be considered in terms of geometry as well (see e.g., an attempt made by Totaro [38] ).
Recently, P. Pragacz [32] described the ordinary Hall-Littlewood P -polynomial by means of a Gysin map (push-forward) from a flag bundle in the ordinary cohomology theory. Since his observation is vital to our present work, we shall recall it here: Let E −→ X be a complex vector bundle of rank n (over a non-singular variety X), and x 1 , . . . , x n are the Chern roots of E.
1 For a partition λ = (λ 1 , . . . , λ n ) of length ≤ n, one can associate a type A partial flag bundle η λ : F ℓ λ (E) −→ X. 2 With regard to the Gysin map (η λ ) * : H * (F ℓ λ (E)) −→ H * (X) in ordinary cohomology, he observed that the polynomial P λ (x n ; t) is given by the following formula:
In a recent paper [4] , together with L. Darondeau, he considered push-forwards (Gysin maps) for general flag bundles associated to complex vector bundles with additional structures, that is, symplectic structure (type C) or orthogonal structure (type B, D), as well as type A flag bundles. Then they have given push-forward formulas (Gysin formulas) for all flag bundles of types A, B, C, and D. In order to encourage reader's insight, let us give one typical example here 3 : Let E −→ X be a complex vector bundle of rank n as before, y 1 , . . . , y n are the Chern roots of E ∨ , the dual of E. Denote by s t (E) = s(E; t) := i≥0 s i (E)t i the Segre series of E. Here we adopt the convention given in Fulton-Pragacz [8, Chapter IV], so that s t (E) satisfies the identity s t (E)c −t (E) = 1, where c t (E) = c(E; t) = n i=0 c i (E)t i is the Chern polynomial of E. Consider the complete flag bundle ̟ : F ℓ(E) −→ X, and the induced Gysin map ̟ * : H * (F ℓ(E)) −→ H * (X) in cohomology. Then one of Darondeau-Pragacz's formula is stated as follows 4 : For a polynomial f (t 1 , . . . , t n ) ∈ H * (X)[t 1 , . . . , t n ], one has (1.2) ̟ * (f (y 1 , . . . , y n )) = [t
In algebraic topology, there is a notion of generalized cohomology theories, satisfying all the axioms of Eilenberg-Steenrod [5, Chapter I, 3c ] except the "dimension axiom". Among such theories, those which are complex-oriented (in the sense of Adams [1, Part II, (2,1)], or more generally Quillen [34, §1] ) are of particular importance: Firstly, such a theory possesses the "generalized" Chern classes associated with complex vector bundles (see Conner-Floyd [3, Chapter II, Theorem 7.6], Switzer [37, Chapter 16, Theorem 16.2] ). Secondly, such a theory, say, h * (−), gives rise to a formal group law F h (u, v) over the coefficient ring h * := h * (pt), where pt is a single point (see [1, Part II, Lemma 2.7] ). For instance, the ordinary cohomology theory H * (−) corresponds to the additive formal group law F H (u, v) = u + v, and the (topological) complex Ktheory K * (−) corresponds to the multiplicative formal group law, which is of the form F K (u, v) = u+v +βuv. It was Quillen [34, Proposition 1.10] who first showed that the complex cobordism theory MU * (−) (see §2.1) is universal among all complex-oriented cohomology theories. Thus given a complex-oriented cohomology theory h * (−), there exists a natural transformation θ : MU * (−) −→ h * (−), which sends the universal formal group law F M U associated to MU * (−) to F h . From this point of view, it is natural to ask a generalization of (1.1) and (1.2) to other complex-oriented cohomology theory, especially to the complex cobordism theory. That is one of the main motivation of the current work started from our previous paper [28] . In fact, we have introduced a "universal" analogue of the Hall-Littlewood P -polynomial denoted by H L λ (x n ; t) in [28, Definition 3.2] . We have named this function the universal Hall-Littlewood function, and established a formula which is a direct generalization of (1.1) to the complex cobordism theory ( [28, Corollary 4.11] ). However, contrary to our expectation, the "t = 0 specialization" of H L λ (x n ; t) does not coincide with the universal Schur function s L λ (x n ) ([27, Definition 4.10]), which we thought a direct, universal analogue of the usual Schur polynomial s λ (x n ). This has led us to the introduction of another universal analogue of s λ (x n ), namely the new universal Schur function denoted by S L λ (x n ) ([28, Definition 5.1]). In the meantime, Hudson-Matsumura [11] has appeared. In that paper, the authors pursued a generalization of the so-called Kempf-Laksov formula [19] for the degeneracy loci classes in the algebraic cobordism theory Ω * (−). In an attempt to interpret their KempfLaksov class κ λ ([11, Definition 4.1]) in our context, we arrived at another universal analogue of s λ (x n ), which we call the universal Schur function of Kempf-Laksov type, denoted s L,KL λ (x n ), and its factorial analogue, the universal factorial Schur function of Kempf-Laksov type, denoted s L,KL λ (x n |b), where b = (b 1 , b 2 , . . .) is a sequence of indeterminates (see Definition 3.1). Then we have introduced the universal Hall-Littlewood P -and Q-functions HP L λ (x n ; t), HQ L λ (x n ; t) (see Definition 5.6) which interpolate between s L,KL λ (x n ) and the universal Schur P -and Q-functions P L λ (x n ), Q L λ (x n ) ([27, Definition 4.1]). It should be remarked that the ordinary Hall-Littlewood polynomials P λ (x n ; t), Q λ (x n ; t) are symmetric polynomials in x n = (x 1 , . . . , x n ) with coefficients in Z[t], while our functions HP L λ (x n ; t) and HQ L λ (x n ; t) are symmetric formal power series
, where L stands for the Lazard ring. A generalization of (1.1) for HP L λ (x n ; t), HQ L λ (x n ; t) to the complex cobordism theory is given in Proposition 5.7. The factorial analogues of these functions, the universal factorial Hall-Littlewood P -and Q-functions HP L λ (x n |b), HQ L λ (x n |b) are also introduced (see Definition 5.10). Moreover, a notion of Segre classes for the algebraic cobordism theory introduced in [11, Definition 3.1] can be translated into the complex cobordism theory in parallel. The Segre classes for complex cobordism enables us to generalize the formula (1.2) to the complex cobordism theory (see Theorem 4.3) . That is one of the main result of the paper.
As an application of our Darondeau-Pragacz formula in complex cobordism, we are able to obtain generating functions for various universal Schur funtions, namely, the unviersal Schur functions of Kempf-Laksov type, the universal Schur P -and Qfunctions, and the unviersal Hall-Littlewood P -and Q-functions (see Theorems 5.1, 5.3, 5.4, and 5.8). In particular, by specializing the universal formal group law F M U to the additive one F H , we obtain the generating functions for the ordinary Hall-Littewood P -and Q-polynomials, thereby generalizing a result due to Macdonald [24, Chapter III, (2.15)]. As a by-product of these generating functions, we obtain determinantal formulas for Schur and Grothendieck polynomials, and Pfaffian formulas for Schur Qand K-theoretic Q-polynomials. Also we obtain their factorial analogues by completely similar calculations. We remark that the latter results are obtained only recently in the context of degeneracy loci formulas for flag bundles by Hudson-Ikeda-MatsumuraNaruse [10, Theorem 3.13].
1.1. Organization of the paper. The paper is organized as follows: In Section 2, we prepare notation and conventions concerning the complex cobordism theory, the universal formal group law, and partitions, which will be used throughout the paper. In Section 3, inspired by the Kempf-Laksov class κ λ due to Hudson-Matsumura 5 We have therefore used the terminology of functions for HP 
is defined by sending the cobordism class [Z
is equipped with the "generalized" Chern classes. To be more precise, for a rank n complex vector bundle over a space X, one can define the MU * -theory Chern classes c 
Denote by π i : CP ∞ × CP ∞ −→ CP ∞ the natural projection onto the i-th factor (i = 1, 2). Then the product map µ : CP ∞ × CP ∞ −→ CP ∞ is defined as the classifying map of the line bundle π F (x 1 , x 2 ) over a commutative ring R with unit, there exists a unique ring homomorphism θ : MU * −→ R carrying F M U to F . Topologically, Quillen's result represents that the complex cobordism theory MU * (−) is universal among complex-oriented generalized cohomology theories. It is known since Quillen that a complex-oriented generalized cohomology theory gives rise to a formal group law by the same way as above. For instance, the ordinary cohomology theory (with integer coefficients) H * (−) corresponds to the additive formal group law F H (x 1 , x 2 ) = x 1 + x 2 , and the (topological) complex K-theory K * (−) corresponds to the multiplicative formal group law
2.2. Lazard ring L and the universal formal group law F L . Quillen's result in the previous subsection implies that the formal group law F M U over MU * is identified with the so-called Lazard's universal formal group law over the Lazard ring, which we briefly recall (in order to fix our notation, we shall follow Levine-Morel's book 6 [22] ): In [20] , Lazard constructed the universal formal group law
over the ring L, where L is the Lazard ring, and he showed that it is isomorphic to the polynomial ring in countably infinite number of variables with integer coefficients (see Levine 
is a formal power series in u, v with coefficients a L i,j of formal variables which satisfies the axioms of the formal group law:
. For the universal formal group law, we shall use the notation (see Levine 
. of F L , i.e., a unique formal power series with leading term u such that
Using the logarithm ℓ L (u), one can rewrite the n-series [n] L (u) for a non-negative integer n as ℓ
is the formal power series inverse to ℓ L (u). This formula allows us to define
for an indeterminate t. This is a natural extension of t·x as well as the n-series
The Lazard ring L can be graded by assigning each coefficient a
. This grading makes L into the graded 6 Accordingly, the additive formal group law will be denoted by F a (u, v) = u + v in place of F H , and the multiplicative formal group law by F m (u, v) = u + v + βuv in place of F K in the following (see [22, §1.1] . Note that the sign of β is opposite from the one there).
ring over the integers Z. Be aware that in topology, it is customary to give a L i,j the cohomological degree 2(1 − i − j).
2.3.
Partitions. Throughout this paper, we basically use the notation pertaining to partitions as in Macdonald's book [24] . A partition λ is a non-increasing sequence λ = (λ 1 , λ 2 , . . . , λ r ) of non-negative integers such that λ 1 ≥ λ 2 ≥ · · · ≥ λ r ≥ 0. As is customary, we do not distinguish between two such sequences which differ only by a finite or infinite sequence of zeros at the end. The non-zero λ i 's are called the parts of λ, and the number of parts is the length of λ, denoted by ℓ(λ). The sum of the parts is the weight of λ, denoted by |λ|. If |λ| = n, we say that λ is a partition of n. If λ, µ are partitions, we shall write λ ⊂ µ to mean that λ i ≤ µ i for all i ≥ 1. A partition ν is said to be strict if all its parts are distinct. Thus ν is a strictly decreasing sequence ν = (ν 1 , ν 2 , . . . , ν r ) of positive integers so that ν 1 > ν 2 > · · · > ν r > 0. In what follows, the set of all partitions of length ≤ n is denoted by P n . Also denote by SP n the set of all strict partitions of length ≤ n. For a non-negative integer n, we set ρ n := (n, n − 1, . . . , 2, 1) (ρ 0 is understood to be the unique partition of 0, which we denote by just 0 or ∅). The partition (k, k, . . . , k l ) will be abbreviated to (k l ), or just k l . For two partitions λ, µ ∈ P n , λ + µ is a partition defined by (λ + µ) i := λ i + µ i (i = 1, 2, . . . , n).
Next we shall introduce various generalizations of the ordinary power of variables 7 : Let x = (x 1 , x 2 , . . .) be a countably infinite sequence of independent variables. We also introduce another set of variables b = (b 1 , b 2 , . . .). Then, for a positive integer k ≥ 1, we define a generalization of the ordinary k-th power x k of one variable x by
Thus, if we specialize b to be 0, then [x|b] k becomes [x|0] k = x k , the ordinary k-th power of x. For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r, we set
In the specialization b = 0, one has
Similarly, we define
which is a generalization of 2x k . In the specialization
k−1 which will be denoted by [x] k for simplicity. For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r, we set In the specialization b = 0, one has
which will be denoted by [x] λ in the sequel.
Universal factorial Schur functions of Kempf-Laksov type
In our previous papers [27] , [28] , we introduced the universal factorial Schur functions s L λ (x n |b) and the new universal factorial Schur functions (or the universal factorial Schur functions of Damon-type) S L λ (x n |b). In this section, motivated by the recent work due to Hudson-Matsumura [11] , we shall introduce another "universal analogues" of the usual Schur functions, denoted by s L,KL λ (x n |b), which we call the universal factorial Schur functions of Kempf-Laksov type. We start with the geometric back-ground of these functions.
3.1. Class of the Kempf-Laksov resolution.
3.1.1. Bundle of Schubert varieties. Let E −→ X be a complex vector bundle of rank n (over a variety X). For a positive intger 1 ≤ d ≤ n − 1, consider the associated Grassmann bundle π :
, one has the tautological exact sequence of vector bundles
whrere rank S = d and rank Q = n − d. Suppose that we are given a complete flag of subbundles
is defined by the "Schubert conditions", namely
Note that if the length ℓ(λ) of λ is r (≤ d), it suffices to consider the Schubert conditions dim(W ∩ (F n−d+i−λ i ) x ) ≥ i only for i = 1, 2, . . . , r in the above definition.
3.1.2. Kempf-Laksov resolution of singularities of Ω λ (F • ). Following Kempf-Laksov [19] , we shall construct a resolution of singularities of Ω λ (F • ) with a slight modification. First consider the flag bundle ̟ : 1, 2 , . . . , r). On F ℓ 1,2,...,r (S), one has the tautological sequence of sub and quotient bundles
where rank D i = i, and Q i := ̟ * (S)/D i for i = 0, 1, . . . , r + 1. Then the flag bundle F ℓ 1,2,...,r (S) is constructed as a tower of projective bundles (here we omit the pull-back notation of vector bundles as is customary):
Notice that the tautological sequence of vector bundles over the projective bundle
We then define a sequence of subvarieties
. . , r means that this section s i vanishes. Thus the variety Z r ⊂ F ℓ 1,2,...,r (S) is given by the zero locus of the section
∨ ⊗ E/F n−d+i−λ i . Therefore the class [Z r ] is given by the top Chern class of this vector bundle, that is,
In order to proceed with the computation, we consider the complete flag bundle
, there is the tautological sequence of flag of subbundles
..,r (S), the bundle D i over F ℓ 1,2,...,r (S) is pulled back to D i over F ℓ(S) for i = 1, 2, . . . , r. Now we set
These are the MU * -theory Chern roots of S ∨ . Also we set
These are the MU * -theory Chern roots of E. Then by the splitting principle, we have
Here b n = (b 1 , . . . , b n , 0, 0, . . .) and ρ r−1 = (r − 1, r − 2, . . . , 2, 1). Thus we have
The right hand side of the above expression can be computed by a result of our previous paper [28, §4] : There is a canonical isomorphism F ℓ 1,2,...,r (S) ∼ = F ℓ r,r−1,...,1 (S ∨ ), and therefore the flag bundle ̟ : 
.
It should be remarked that the resulting function can be regarded as a universal analogue of the usual Schur function. In fact, let us consider the special case when X = pt (point) and a
, and we are considering the ordinary cohomology
Then the right hand side of (3.1) reduces to the usual Schur polynomial. Indeed, one can compute
Here we used the fact that the Schur polynomial corresponding to the empty partition ∅ is equal to one so that
3.2.
Universal factorial Schur functions of Kempf-Laksov type.
3.2.1. Definition of the universal factorial Schur functions of Kempf-Laksov type. Motivated by the formula (3.1), we shall introduce the following symmetric functions, which are another universal analogues of usual Schur functions. Let x n = (x 1 , x 2 , . . . , x n ) be a finite sequence of variables, and b = (b 1 , b 2 , . . .) an infinite sequence of variables. For a partition λ ∈ P n with length ℓ(λ) = r ≤ n, we define
We also define s
In our earlier paper [27, Definition 4.10], for a partition λ ∈ P n , we introduced the universal factorial Schur function
At first, this function was considered to be the most natural generalization of the ordinary Schur polynomial to the "universal setting". In fact, if we specialize the universal formal group law F L (u, v) to the additive one F a (u, v) = u + v (and put 
(x n |b) is described as follows: By a similar calculation as in the previous subsection §3. 1.3 , one sees that
. . , x n |b), which is not equal to 1 in general (see Nakagawa-Naruse [27, §4.5.1]). Since both the 8 "K-L type" for short. 9 Notice that Molev-Sagan [26] uses the "generalized factorial power" (x|a) k = (x− a 1 ) · · · (x− a k ), whereas Macdonald [23] , [24] uses (x|a)
Here we used the definition due to Molev-Sagan. factorial Schur and factorial Grothendieck polynomials corresponding to the empty partition ∅ is equal to 1, 10 we see from (3.2) that s L,KL λ (x n |b) also reduces to s λ (x n |a) and G λ (x n |b) under the above specialization.
3.2.2.
Characterization of the universal factorial Schur functions of K-L type. By the formula (3.1), one obtains the following characterization of s L,KL λ (x n |b) by means of the Gysin map. Let E −→ X be a complex vector bundle of rank n, and consider the flag bundle τ r := η ρr : F ℓ ρr (E) = F ℓ r,r−1,...,2,1 (E) −→ X associated to the partition ρ r = (r, r − 1, . . . , 2, 1). Then we have the following 11 :
Theorem 3.2 (Characterization of the universal Schur functions of K-L type). For the Gysin map (τ r ) * : MU * (F ℓ r,r−1,...,2,1 (E)) −→ MU * (X), the following formula holds:
where x 1 , . . . , x n are the MU * -theory Chern roots of E. More generally, for a sequence
, the following formula holds: 
By the definition of the universal factorial Schur functions of K-L type, one has the following: Theorem 3.4. With the notation as in §3.1.3, the Kempf-Laksov class κ λ is represented by the universal factorial Schur functions of K-L type:
Darondeau-Pragacz formula in complex cobordism
In this section, we shall generalize the push-forward formulas for flag bundles due to Darondeau-Pragacz [4] to the complex cobordism theory. Their formulas will be referred to as the Darondeau-Pragacz formulas in the sequel. In this paper, we consider the type A case only, and the type B, C, D cases will be treated in our forthcoming paper. 10 For the latter fact, see Ikeda-Naruse [16, §2.4] . 11 Here M U * (X) is considered as a subring through the monomorphism (τ r ) * : M U * (X) ֒−→ M U * (F ℓ r,r−1,...,2,1 (E)). 12 As explained in Nakagawa-Naruse [28, §5] , the new universal factorial Schur function S L λ (x n |b) is closely related to the class of Damon's resolution of a Schubert variety in a Grassmann bundle. Therefore we also call S L λ (x n |b) the universal factorial Schur function of Damon type, and sometimes denote it by s L,D λ (x n |b).
4.1.
Segre classes in complex cobordism. In order to formulate the DarondeauPragacz formula in complex cobordism, we need a notion of the Segre classes of complex vector bundles in complex cobordism. Fortunately such a notion has been recently introduced by Hudson-Matsumura [11, Definition 3.1]. More precisely, they defined the Segre classes S m (E) (m ∈ Z) in the algebraic cobordism theory Ω * (−) of a complex vector bundle E by using the push-forward image of the projective bundle
. 13 The Segre classes of E in the complex cobordism theory MU * (−), denoted by S L m (E) (m ∈ Z), can be defined by exactly the same way as above. 
Denote by S
More generally, given two complex vector bundles E, F over the same base space X, the relative Segre classes S m (E − F ) (m ∈ Z) are also introduced in [11, Definition 3.9] . In our context, these classes are defined by the following generating function 14 :
] has the following geometric meaning: By the argument in Quillen
. By a result due to Miščenko (see Adams [1, Chapter II, Corollary
is the cobordism class of CP n . Therefore we have
Type A Darondeau-Pragacz formula.
13 This definition is the exact analogue of the Segre classes in ordinary cohomology given by Fulton 14 Although the following generating function does not appear explicitly in [11, Definition 3.9] , one can check easily that this agrees with that of Hudson-Matsumura. 4.2.1. Construction of flag bundles. Let E −→ X be a complex vector bundle of rank n. It is well-known that the flag bundle F ℓ A 1,2,...,r (E) = F ℓ 1,2,...,r (E) of type A for r = 1, 2, . . . , n is constructed as a chain of projective bundles of lines. In order to fix our notation, we briefly review the construction: First we consider the associated projective bundle of lines ̟ 1 : G 1 (E) = P (E) −→ X. By definition, F ℓ 1 (E) = P (E). On P (E), we have the exact sequence of tautological vector bundles:
where U 1 is a tautological line bundle (or Hopf line bundle) on the projective bundle P (E).
Here and in what follows, to avoid cumbersome notation, we often omit the "pull-back notation" of vector bundles. Iterating this construction, we have the projective bundle of lines ̟ i : P (E/U i−1 ) −→ P (E/U i−2 ) for i ≥ 2 (here we understand U 0 := 0). On P (E/U i−1 ), we have the exact sequence of tautological vector bundles:
where U i is a subbundle of E of rank i containing U i−1 , and the quotient bundle U i /U i−1 is the tautological line bundle on P (E/U i−1 ). By this construction, we have F ℓ 1,2,...,i (E) = P (E/U i−1 ), and put ̟ 1,2,...
The sequence of vector bundles
..,i (E) will be called the universal flag of subbundles of E. Eventually we obtain the flag bundle ̟ 1,2,...,r : F ℓ 1,2,...,r (E) −→ X for r (= 1, 2, . . . , n). In particular, when r = n, one has the complete flag bundle
, there is the universal flag of subbundles
and we put
These are the MU * -theory Chern roots of E ∨ .
4.2.2.
Fundamental Gysin formula for a projective bundle. Let E −→ X be a complex vector bundle of rank n, and ̟ 1 : P (E) −→ X the associated projective bundle of lines in E. Denote by U 1 the tautological line bundle on P (E). Put
. In [33, Theorem 1], Quillen described the Gysin map ̟ 1 * : MU * (P (E)) −→ MU * (X). In our notation, his formula will be stated as follows:
, the Gysin map ̟ 1 * : MU * (P (E)) −→ MU * (X) is given by the residue formula
, where y 1 , y 2 , . . . , y n denote the MU * -theory Chern roots of E ∨ . Here Res t=0 F (t) means the coefficient of t −1 in the Laurent polynomial F (t). Following Darondeau-Pragacz [4, p.2, (2)], we reformulate the above formula in a more handy form. In order to do so, we use the same notation as in [4] . Namely, for a monomial m of a Laurent polynomial f , we denote by [m](f ) the coefficient of m in f . With these conventions and the Segre series (4.1), the residue formula (4.5) becomes (4.6)
15 Note that by the construction, F ℓ 1,...,n−1 (E) ∼ = F ℓ 1,...,n (E).
This is the fundamental formula for establishing more general Gysin formulas for flag bundles of type A, which will be given in the next subsection. . Let E −→ X be a complex vector bundle of rank n. Then for r = 1, 2, . . . , n, the following Gysin formula for the flag bundle ̟ 1,2,...,r : F ℓ 1,2,...,r (E) −→ X holds: For a polynomial f (t 1 , . . . , t r ) ∈ MU * (X)[t 1 , . . . , t r ], one has (4.7)
Proof. As in the proof of Darondeau-Pragacz [4, Theorem 1.1], we can prove the theorem by induction on r ≥ 1. For the case r = 1, the result is nothing but the formula (4.6). So we may assume the result for the case of r − 1 with r ≥ 2. Thus for any polynomial g(t 1 , . . . , t r−1 ) ∈ MU * (X)[t 1 , . . . , t r−1 ], one has (4.8)
Now we consider the image of the Gysin map ̟ 1,...,r * (f (y 1 , . . . , y r )). Since ̟ 1,...,r : F ℓ 1,...,r (E) −→ X is the composite of ̟ r : F ℓ 1,...,r (E) −→ F ℓ 1,...,r−1 (E) and ̟ 1,...,r−1 : F ℓ 1,...,r−1 (E) −→ X, namely ̟ 1,...,r = ̟ 1,...,r−1 • ̟ r , we have ̟ 1,...,r * (f (y 1 , . . . , y r )) = ̟ 1,...,r−1 * • ̟ r * (f (y 1 , . . . , y r )).
By the construction described in §4.2.1, ̟ r : F ℓ 1,...,r (E) −→ F ℓ 1,...,r−1 (E) is the same as the projective bundle of lines ̟ r : P (E/U r−1 ) −→ F ℓ 1,...,r−1 (E). The rank of the quotient bundle E/U r−1 is n − r + 1, and thereofore by the fundamental formula (4.6), we have
Here the vector bundle (E/U r−1 ) ∨ has the Chern roots y r , . . . , y n as is easily seen by the definition of the Chern roots of E ∨ , and hence we deduce from (4.1),
Thus we have ̟ r * (f (y 1 , . . . , y r−1 , y r )) = [t n−r r ] f (y 1 , . . . , y r−1 , t r )t (y 1 , . . . , y r−1 , t r )
Then by the induction assumption (4.8), we have
and therefore we obtain the desired formula. , that is, by iterating the "fundamental Gysin formulas" (see (4.6)) for a projective bundle on a tower of projective bundles, 17 we can establish the type B, C, D Darondeau-Pragacz formula in complex cobordism at least for full flag bundles. Details will appear elsewhere.
Universal Hall-Littlewood P -and Q-functions
As shown by Macdonald [24, Chapter III, §8, (8.8)], the ordinary Schur Q-function Q λ , where λ is a strict partition of length ≤ n, is equal to the coefficient of the monomial t λ = t
2 · · · in a certain function Q(t 1 , . . . , t n ). Thus we know the generating function of Q λ . Notice that the function Q λ (x) is obtained from the Hall-Littlewood Q-function Q λ (x; t) by setting t = −1, and the above result can be extended to Q λ (x; t) ([24, Chapeter III, §2, (2.15)]). We know that when t = 0, the function Q λ (x; t) reduces to the ordinary Schur function s λ (x), and therefore we also know the generating function of s λ (x) as well as that of Q λ (x; t). In this section, as an application of the type A Darondeau-Pragacz formula in complex cobordism (Theorem 4.3), we shall give the generating functions for various "universal Schur functions" introduced so far. We shall begin with the universal Schur functions of K-L type.
Generating function for the universal Schur functions of K-L type.

Generating function for s
L,KL λ (x n ). Let E −→ X be a complex vector bundle of rank n, and x 1 , . . . , x n are the MU * -theory Chern roots of E. Let us consider the associated flag bundle τ r : F ℓ r,r−1,...,2,1 (E) −→ X. Notice that there exists a canonical isomorphism F ℓ r,r−1,...,2,1 (E) ∼ = F ℓ 1,2,...,r (E ∨ ), and therefore by replacing E 
Therefore by Theorem 3.2, one can compute
In the language of symmetric functions, we reformulate the above result as follows: Let x n = (x 1 , . . . , x n ) be an independent variables, and we set (cf. the Segre series of a vector bundle (4.1))
Then we have
Theorem 5.1. For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, the universal Schur function of K-L type s
5.1.2. Determinantal formulas for s λ (x n ) and G λ (x n ). We can derive the determinantal formula (or Jacobi-Trudi formula) for the ordinary Schur polynomial s λ (x n ) and the (stable) Grothendieck polynomial G λ (x n ) from Theorem 5.1. We argue as follows (see also Darondeau-Pragacz [4, §4]): First we consider the specialization from
where
18 Note that the formula (5.1) still holds for a formal power series, or a rational function (in the complex cobordism theory with rational coefficients M U Q * (−)). In later sections ( §5.2.3, 5.3.3, and 5.4.3), we need to use such an extended form of (5.1).
Here h l (x n ) denotes, as usual, the l-th complete symmetric polynomial (l = 0, 1, 2, . . .). On the other hand, by the Vandermonde determinant formula, one has
Therefore, by Theorem 5.1, we obtain
This is the well-known determinantal or Jacobi-Trudi formula for s λ (x n ). Next we consider the specialization from
, we use the following notation:
x ⊕ y := F m (x, y) = x + y + βxy (formal sum),
Then s L,KL (u r ) reduces to
where 
On the other hand, by the Vandermonde determinant formula again, we have
Here we recall the generalized binomial coefficient theorem
for any integer n ∈ Z. Then, by Theorem 5.1, we obtain 
5.2.
Generating functions for the universal Schur P -and Q-functions.
5.2.1.
Universal Schur P -and Q-functions. Recall from Nakagawa-Naruse [27, §4.2] the definition of the universal Schur P -and Q-functions (we use the notation introduced in §2.3): For a strict partition ν = (ν 1 , ν 2 , . . . , ν r ) ∈ SP n , the universal Schur P -and Q-functions are defined to be
To be more precise, this is the formula stated in Matsumura [25, Theorem 1, (1.1)]. Alternatively, if we use the identity:
then by the same calculation, one has another expression: where the symmetric group S n acts on x n = (x 1 , . . . , x n ) by permutations. Equivalently, these can be defined as
5.2.2.
Characterization of the universal Schur P -and Q-functions. As with the case of the universal Schur functions of K-L type (see Theorem 3.2), the universal Schur P -and Q-functions are also characterized by means of the Gysin map: Let E −→ X be a complex vector bundle of rank n, and x 1 , . . . , x n are the MU * -theory Chern roots of E as before. Consider the associated flag bundle τ r : F ℓ r,r−1,...,1 (E) −→ X. Then it follows immediately from the above definition (5.2) and a description of the Gysin homomorphism (τ r ) * as a certain symmetrizing operator (see Nakagawa-Naruse [28, Theorem 4.10] ) that the following formula holds (see also [28, Corollary 4.12 
]):
Proposition 5.2 (Characterization of the universal Schur P -and Q-functions). With the above notation, for a strict partition ν = (ν 1 , . . . , ν r ) of length ℓ(ν) = r ≤ n, we have
Generating functions for
. By an analogous argument to §5.1.1, one can obtain the generating functions of the universal Schur P -and Qfunctions. We first deal with the case of P -functions. We wish to apply the formula (5.1) to the characterization of P -functions, Proposition 5.2. However, we need to carry out the computation with a little care: In the left-hand side of (5.1), only the first r Chern roots x 1 , . . . , x r appear. On the other hand, in the left-hand side
of (5.3), all the Chern roots x 1 , . . . , x n appear, and therefore one cannot apply the formula (5.1) directly to (5.4). However, one can proceed the computation by modifying this as follows:
Or equivalently one can modify (5.4) as
The right-hand side of the above expression involves the first r Chern roots x 1 , . . . , x r only, and therefore the formula (5.1) applies. Then Proposition 5.2 yields
We then reformulate the above result in the language of symmetric functions: We set
Then we have
Similarly, for the case of Q-functions, first we modify
and then we apply (τ r ) * to obtain
Thus we set
and we have 
Remark 5.5. If we specialize the universal formal group law F L (u, v) to the additive one F a (u, v) = u + v, then the universal Schur Q-function Q L ν (x n ) reduces to the ordinary Schur Q-polynomial Q ν (x n ) (see Macdonald [24, Chapter III, §8]). On the other hand, after changing the variables u i to t
5.2.4.
Pfaffian formulas for Q ν (x n ) and GQ ν (x n ). Analogous argument to 5.1.2 can be applied to Theorem 5.4 to obtain Pfaffian formulas for the ordinary Schur Qpolynomial Q ν (x n ) and the K-theoretic Q-polynomial GQ ν (x n ). In what follows, we assume that the length ℓ(ν) of the strict partition ν is 2m (even). First we consider the specialization from
In this case, we just follow Macdonald's argument [24, Chapter III, Proof of (
On the other hand, it is well-known that the following formula holds 21 :
where Pf(a ij ) 1≤i<j≤2m denotes the Pfaffian of the skew-symmetric matrix (a ij ) 1≤i,j≤2m of size 2m × 2m. Hence we have
By Theorem 5.4, we know that
is the generating function for the Schur Q-polynomials Q l (x n ) (l = 0, 1, 2, . . .) corresponding to the "one row", i.e., Q(u) = and therefore, by Theorem 5.4 again, we obtain
This is the Pfaffian formula for Q ν (x n ). Next we consider the specialization from F L (u, v) to F m (u, v) = u + v + βuv. In this case, we essentially follow the argument in Hudson-Ikeda-Matsumura-Naruse [ 
Here we recall from Ikeda-Naruse [16, Lemma 2.4] the following formula:
Thus we can compute
22 GQ(u) is the generating function for the K-theoretic Q-polynomials GQ m (x n ) (m ∈ Z), i.e., GQ(u) = m∈Z GQ m (x n )u m . Note that we also have the following expression:
and therefore, by Theorem 5.4 again, we obtain
This is the Pfaffian formula for GQ ν (x n ).
5.3.
Universal Hall-Littlewood P -and Q-functions. It is known that the ordinary Hall-Littlewood P -function indexed by a partition, denoted by P λ (x; t) in Macdonald's book [24, Chapter III, §2], reduces to the ordinary Schur function s λ (x) when t = 0, and reduces to the ordinary Schur P -function P λ (x) when t = −1. Moreover the ordinary Hall-Littlewood Q-function 23 denoted by Q λ (x; t) in [24, Chapter III, §2, (2.11)] also reduces to s λ (x) when t = 0, and reduces to the ordinary Schur Q-function Q λ (x) when t = −1.
24 These facts can be generalized to the "universal setting". In fact, we have introduced the universal Hall-Littlewood function, denoted H L λ (x n ; t) in [28, Definition 3.2], which reduces to the universal Schur P -function P L λ (x n ) when t = −1 with λ strict, and reduces to the new universal Schur function S L λ (x n ) when t = 0. Thus the functions H L λ (x n ; t) serve to interpolate between the new universal Schur functions S L λ (x n ) and the universal Schur P -functions P L λ (x n ) (with λ strict). In this subsection, we shall introduce another universal analogues of the ordinary Hall-Littlewood P -and Q-functions, denoted HP L λ (x n ; t) and HQ L λ (x n ; t) respectively, which interpolate between the universal Schur function of K-L type s L,KL λ (x n ) and the universal Schur P -and Q-functions P L λ (x n ), Q L λ (x n ) (with λ strict). Furthermore, we shall give the generating functions of these universal Hall-Littewood functions by the same method as the universal Schur P -and Q-functions in the previous subsection §5.2.
5.3.1.
Definition of the universal Hall-Littlewood P -and Q-functions. For a positive integer k ≥ 1 and indeterminates x, t, we define
For a partition λ = (λ 1 , . . . , λ r ) of length r, we define
With these notation, we make the following definition:
Definition 5.6 (Universal Hall-Littlewood P -and Q-functions). For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, we define
Notice that for a strict partition ν of length ≤ n, it is easy to see that HP L ν (x n ; t) coincides with the universal Hall-Littlewood function H L ν (x n ; t) introduced in [28, Definition 3.2]. However, for a partition with equal parts, these are different in general. For a strict partition ν of length ≤ n, it follows immediately from the above definition that HP
Thus the functions HP L λ (x n ; t) (resp. HQ L λ (x n ; t)) interpolate between the universal Schur Pfunctions P L λ (x n ) (resp. Q-functions Q L λ (x n )) (with λ strict) and the universal Schur functions of K-L type s L,KL λ (x n ). Let us consider the specialization from F L (u, v) to F a (u, v) = u + v. For a partition λ = (λ 1 , . . . , λ r ) with length ℓ(λ) = r ≤ n, the function HQ L λ (x n ; t) reduces to
By the argument in Macdonald' book [24, pp.210-211] , we see that the above polynomial equals to Q λ (x 1 , . . . , x n ; t) = Q λ (x n ; t), the ordinary Hall-Littlewood Q-polynomial in n variables. Thus HQ L λ (x n ; t) is a universal analogue of the ordinary Hall-Littlewood Q-polynomials Q λ (x n ; t). From this, we see immediately that HP L λ (x n ; t) reduces to 1 (1 − t) r Q λ (x n ; t) under the same specialization. On the other hand, by definition ([24, Chapter III, (2.11)]), we have P λ (x n ; t) = b λ (t)Q λ (x n ; t).
25 By these formulas, we see easily that HP L λ (x n ; t) reduces to v λ (t) v n−r (t) P λ (x n ; t). 26 Note that when λ is strict, then this equals to P λ (x n ; t). 
m , and for a partition λ = (λ 1 , . . . , λ n ) of length ≤ n, we define v λ (t) := i≥0 v mi(λ) (t).
5.3.2.
Characterization of the universal Hall-Littlewood P -and Q-functions. The universal Hall-Littlewood P -and Q-functions can be characterized by means of the Gysin map as well. Let E −→ X be a complex vector bundle of rank n, and x 1 , . . . , x n are the MU * -theory Chern roots of E as before. Consider the associated flag bundle τ r : F ℓ r,r−1,...,2,1 (E) −→ X. Then by the same way as the universal Schur P -and Q-functions (see Proposition 5.2), the following formula holds:
Proposition 5.7 (Characterization of the universal Hall-Littlewood P -and Q-functions).
With the above notation, we have
λ (x n ; t).
Generating functions for HP
L λ (x n ; t) and HQ L λ (x n ; t). An analogous argument to §5.2.3 can be applied to the universal Hall-Littlewood P -and Q-functions, and we are able to obtain the generating functions of these functions. We shall use the characterization of the universal Hall-Littlewood P -and Q-functions, Proposition 5.7. As with the case of universal Schur P -and Q-functions, we modify the left-hand side of the expression (5.6) as
Likewise we modify
Then by pushing-forward these via (τ r ) * , one obtains
We set
,
Thus we have the following result:
Theorem 5.8.
(1) For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, the universal Hall-
Remark 5.9.
(1) Since the functions HP 
We remark that if we specialize the universal formal group law F L (u, v) to the additive one F a (u, v) = u + v (and put b i := −a i (i = 1, 2, . . .) with a = (a 1 , a 2 , . . .), another infinite sequence of variables), then by definition,
ν (x n |b) reduce to the factorial Schur P -and Q-polynomials P λ (x n |a), Q λ (x n |a) (for their definitions, see Ikeda-Naruse [ 
ν (x n |b) reduce to the K-theoretic factorial P -and Q-polynomials GP ν (x n |b), GQ ν (x n |b) (for their definitions, see Ikeda-Naruse [ 
In the specialization b = 0, we have
When t = −1, then we have
For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r, we define
Definition 5.10 (Universal factorial Hall-Littlewood P -and Q-functions). For a partition λ = (λ 1 , . . . , λ r ) of length r ≤ n, we define
It follows immediately from (5.7) and Definition 5.10 that when
. Thus all the results stated below for the universal factorial Hall-Littlewood P -and Q-functions include the corresponding results for the universal factorial Schur P -and Q-functions as special cases. In contrast to this, the "t = 0 specialization" does not induce the universal factorial Schur function of K-L type s L,KL λ (x n |b) (for the "non-factorial" universal Hall-Littlewood P -and Q-functions, this is the case).
5.4.2.
Characterization of the universal factorial Hall-Littlewood P -and Q-functions. The universal factorial Hall-Littlewood P -and Q-functions can be characterized by means of the Gysin map as well. In fact, under the same setting as in §5.3.2, one obtains the following: Proposition 5.11 (Characterization of the universal factorial Hall-Littlewood P -and Q-functions).
Here b = (b 1 , b 2 , . . .) is a sequence of elements in MU * (X).
Generating functions for HP
L λ (x n ; t|b) and HQ L λ (x n ; t; |b). Using Proposition 5.11, one can obtain the following formulas by completely analogous computations as in §5.3.3:
For each non-negative integer k, we set
For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, we set
Theorem 5.12.
(1) For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, the universal fac-
(2) For a partition λ = (λ 1 , . . . , λ r ) of length ℓ(λ) = r ≤ n, the universal fac-
From Theorem 5.12, with t = −1, we have the corresponding result for the universal factorial P -and Q-functions: For each non-negative integer k, we set
For a strict partition ν = (ν 1 , . . . , ν r ) of length ℓ(ν) = r ≤ n, we set
Thus we have the following corollary:
Corollary 5.13.
(1) For a strict partition ν = (ν 1 , . . . , ν r ) of length ℓ(ν) = r ≤ n, the universal fac-
(2) For a strict partition ν = (ν 1 , . . . , ν r ) of length ℓ(ν) = r ≤ n, the universal factorial Schur Q-function Q 
(1 + b j u).
27 If we define s By analogy with the complete symmetric polynomials h l (x n ), we define the polynomials h Then by (4.2), the K-theoretic relative Segre classes for two vector bundles E, F are given by
Therefore, under the same setting as in §3.1, we have
This is equal to the generating function G(u|b n ) (λ i −i+d) . Thus we have
Therefore, by Theorem 3.4 and (5.8), we deduce
. 30 Alternatively, one also has the following expression:
λi−i+j+k (x n |b) 1≤i,j≤r .
5.4.5.
Pfaffian formulas for Q ν (x n |b) and GQ ν (x n |b). As in §5.2.4, let ν be a strict partition of length ℓ(ν) = 2m (even). First we consider the specialization from F L (u, v) to (1 + b j u).
By Corollary 5.13, we know that
and therefore by Corollary 5.13 again, we obtain where, for each non-negative integer k, we define Note that, by Corollary 5.13, we have GQ (k,l) (x n |b) = GQ (k,l) (k,l) (x n |b) for positive integers k > l > 0. Then, by Corollary 5.13, one obtains (ν i +k,ν j +l) (x n |b) . This is the Pfaffian formula for GQ ν (x n |b). m (x n |b)u m .
GQ(u|b)
(
